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NG XU’ PONG CUA DAM SANDWICH LOI TU’ VAT LIEU
CO' TINH BIEN THIEN HAI CHIEU CHIU LUC DI PONG

TS.LE THIHA
Dai hoc Giao thdng van tai

Tém tat: Bai béo phén tich dao déng cla dam
sandwich 16i lam tw vat liéu co tinh bién thién hai
chiéu (2D-FGM) chiu lwc di déng. M&t day cua dam
hoan toan bang kim loai, mét trén lam bang gém.
St dung ly thuyét bién dang truot bac cao, st dung
phuong phép phén t hitu han két hop phuong
phép Newmark dé tinh dap wtmng déng cho dam.
Ngoai ra, bai bao nghién ctru anh hwdng caa tham
sé vét liéu, téc dé luc di déng dén dao déng cia
ddm. Két qua sb trong bai béo sé minh hoa anh
huéng cta cac tham sé vat liéu, ti s hinh hoc dén
dap tng tan sbé va tham sb dong cho dam.

Abstract: This paper analysis vibration of
sandwich beams with bi-directional functionally
graded core excited by a moving concentrated load.
The lower face is made of isotropic metal, whereas
the upper face is isotropic ceramic. Using the third-
order shear deformation theory,a finite element
formulation is derived and used in combination with
the Newmark method in computing the vibration
response. A parametric study is carried out to
highlight the effect of the material distribution and
moving load speed on the vibration characteristics
of the beams. The numerical results show that the
two grading indexes which govern the variation of
the effective material properties have opposite effect
on the natural frequencies, dynamic magnification
factor.The influence of the aspect ratio on the
dynamic behavior of the beams is also examined
and discussed.

1. Giéi thiéu

Két cAu dam duoc lam tir vat liéu FGM voéi kha
nang khang nhiét tét dang ngay cang dwoc (ng
dung rong réi trong cac nganh cong nghiép hién dai.
Cac bai toan tinh hoc va dong hoc vé két ciu dam
FGM da dwoc nhiéu tac gia trong va ngoai nwéc
quan tdm nghién ctvu nhwng chi yéu 1a xét dén két
cdu voi cac tinh chét vat liéu bién d6i theo mot
hwéng khéng gian. Trong thuc té&, két cAu ddm nhw
vay sé khong thé chéng lai dwoc cac tac dung co va
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nhiét theo nhiéu hwéng, vi thé viéc nghién ctru két
ciu dam véi cac tinh chat vat liéu bién ddi theo hai
hodc ba hwéng khéng gian la rat quan trong. Di
véi ddm sandwich cho vat liéu FGM thay déi theo
mét huéng khong gian, mét sb nha khoa hoc trong
va ngoai nwéc da quan tdm nghién clru. Chang
han, trén co s& ly thuyét ddm bac ba cb dién, V&
Phuong Thirc va céng sy [1] da xay dwng phwong
trinh chuyén déng cho dam sandwich FGM c6 16i 1a
vat liéu thuan nhét, |&p mét trén va mat dwdi 1a FG
hoan hdo va s dung phwong phap phan t&r hiru
han dé tinh tdn sb dao déng riéng va dang mode
dao dong cta dam. Bang ly thuyét ddm bac ba cai
tién, Nguyén va cong sw [2] phan tich dao dong va
méat 6n dinh cia ddm sandwich véi cac diéu kién
bién khac nhau. Tac gid da chi ra rang, tan sé dao
dong tw do chiu &nh hwéng nhiéu béi sw thay dbi
cta chi s6 phan bd vat liéu va anh hwdng bdi sw
thay ddi chiéu cao cta I6i dam... Ngoai ra, Volkan
and Muhittin [3] phan tich dao dong tw do va mét 6n
dinh cGia ddm sandwich bang phwong phap phan t
hiru han nhiéu bac (multi-layer finite element). Vé&i ly
thuyét ddm bac cao cta Reddy, L& Thi Ha va Tran
Thi Tram [4] tinh toan dap (ng déng cia dam
sandwich 1&p mét trén va mat dwdi la FGM bién
thien mot chiéu chiu lwc di dong. Bai bao nghién
cu anh hwéng cha tham sb vat lieu FGM cé 16
réng bién thién theo chiéu day dam, anh hwédng cla
nhiét do, ti s6 gitra chidu cao I6i ddm va chiéu cao
dam dén dap rng dong lwc hoc ciia dam.

Theo nhw tac gia biét thi m&i co mot sb it tac gia
nghién clru vé két chu ddm FGM véi tinh chét vat
liéu thay dbi theo hai hwéng la chiéu dai va chiéu
day cta dam, goi tét & ddm 2D- FGM. Dién hinh,
Simsek [5] da nghién clru sy mét &n dinh ctia dam
2D Timoshenko FGM, céc tinh chét vat liéu thay doi
theo ca chiéu day va chiéu dai ctia ddm nhwng bang
quy luat mi. Tai trong mat 6n dinh t&i han ctia dam
2D- FG thu dwoc bang phwong phap Ritz. Tac gia
da chi ra rang (rng x&r mét &n dinh ctia ddm 2D- FG
chiu anh huéng I6n bdi cac tham sb vat liéu. Dao
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dong tw do va cudng blrc ciia ddm 2D Timoshenko
FG dw¢i tac dong cua tai trong di dong cling dwoc
nghién ctu bdi Simsek [6], phwong trinh chuyén
dong dwoc gidi v&i sy tre gilp clia phwong phap
tich phan Newmark-B an, két qua nhan dwoc chi ra
rang cac dap &ng tw do va cwdng blc cling chiu
anh hwéng bdi cac tham sbé vat liéu. Gan day, bang
phwong phap phan t& hiru han, Nguyén va cong sw
[6] nghién ciru dao ddng cudng blrc cla dam
Timoshenko 2D-FGM chiu tac dung cta Iwc di déng.
Trong d6, dam dwoc cau tao bdi bdn vat liéu thanh
phan, tac gid nghién clu anh hudng cla phan bd
vat liéu, téc do lwc di ddong dén dao dong clia dam.

Trong bai bdo nay, tac gia phan tich dap &ng
doéng ctia dam sandwich c6 18 1am béng vat liéu 2D-
FGM chiu luc di dong, |&p bé mat trén lam tir vat
lieu gbm va I6p dudi hoan toan 1a vat liéu thuan
nhéat kim loai. St dung ly thuyét bién dang truot bac
cao cua Shi [7], bai bao nghién clru anh hwéng cua

tham sé phan bd vat liéu theo chiéu dai va day dam,
anh hwédng téc do cta lwc di déng, anh hwéng cla
céac ti sb gitva chiéu cao cla I16i ddm va chiéu cao
clia ddm dén dao dong cta dam sé dwoc khao sat
chi tiét trong bai bao.
2. Dam sandwich chiu tac dung cua lwc di dong
Hinh 1 minh hoa ddm sandwich c6 16i lam tw
vat liéu 2D-FGM va |1&p bé mét trén va dudi dam 1a
vat liéu thuan nhéat va dam chiu tac dung cda lwc di
dong voi van téc khong dbi. Gia thiét luc F 1a mot
dai lwong khong déi. Trén hinh vé, truc Ox dwoc
chon & gitva dam va truc 0z vudng goc vdi mat
phéng gitra ddm. Trong bai bao nay, gia thiét dam
c6 chiéu dai L, chiéu cao h, chiéu cao 16i dam hc, 16i
cta dam ludn ludn ddi xirng qua truc gitka ctia dam.
Lwc di chuyén trén dam luén bam dinh véi ddm
trong sudt qua trinh di chuyén tlr dau ddm dén cubi
dam va lwc chuyén dong véi tbc do khong thay dbi
trong subt chiéu dai dam.
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Hinh 1. Ddm sandwich cé 16i lam béng vét liéu 2D-FGM chiu luc F di déng

Thé tich vat liéu cia ddm theo cac I6'p dwoc gia thiét theo quy luat sb mi:

V3(x,2)=1

Vi(x,2)=0

trong d6: V.*(x,z) - thé tich cda vat lieu gbm
trong cac 16p cia dam (k=1, 2, 3), m,n lan luot 1a
chi s6 mii cta vat liéu khi phan bé theo chiéu dai va
chiéu day dadm, x - bién minh hoa cho vat liéu thay
ddi theo truc x va z - bién minh hoa vat liéu thay déi
theo truc z.
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trwot, mat do khéi,...) cho ddm sandwich ¢ 16i 1am

ttr vat lieu 2D- FGM duworc viét nhw sau:

k _ (D _ k
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trong d6: P¢, Py, - tinh chét hiéu dung ctia gém va
kim loai, P* - tinh chat hiéu dung cho tang th k cta
dam.

Dwa trén ly thuyét bién dang trwot bac ba cua

Shi [8], chuyén vi doc truc u(x,zt) va chuyén vi
ngang w(x, z, t) tai diém nao d6, dwg'c cho nhw sau:

,;. , Uo(X, t) va

trong d6: t - bién thoi gian, & =
Wo(X, t) tuo’ng tng la chuyen vj doc truc va chuyen
vi ngang cuia diém bat ki nam trén truc gitra cua
dam, yo - géc quay sinh ra do sy trwot cua thiét dién

ngang cla dam, z - khodng cach tir diém dén truc
gitra dam.

Bién dang doc truc £.... va bién dang truot ¥,.,
tinh dwoc dwa trén truo’ng chuyén vi (3).

U(X,Z,t):UO+Z(}/O—WO’X)—(ZZS]/O 3) Exx u0x+z(}/0x_ Oxx) 0{237/01)( )
W(X,z,t) = w, 7xz:70_3az 7o
T do, trwdng (ng suét tiép T... va ing suét phap o.. dwoc tinh toan:
o, =E(X,2).6,, = E(X, 2)[Ug + Z(Vox —Wo ) —2Z°7 4]
3 _ E(x,2) ) (5)
Ty = G(X! Z)J/xz - 2(1+U) |:70 —3az 7/0:|

trong d6: E(x,z) va G(x,z) twong tng 1a md dun dan hdi va mé dun trwot phu thudc vao hai bién x, z,
biéu thirc cho ham nang lwong bién dang dan hdi cho ddm sandwich 18i 2D- FGM duoc viét nhw sau:

_ J‘ Allu0>< +2A.L2u0 x(70x
- ZaA447O,x(7/0,x -

2A34auo,x70,x

Oxx)+A22(7/0x Oxx)
, dx (6)
WO,xx)+a A5670,x +Buo

trong do, Aq, Ars, Ags, Asa, Aus, Ass VA Bys la cac d6 cling clia dam duoc dinh nghia nhu sau:

(s Ay, Aoy Ay Ay Ag)(%,2) = [EX(x,2)W,2,2%,2°, 2, 2°)dA

@)

B, (x,2) = ij (x,2)(1—6az® +9a’z*)dA
A

Trong biéu thirc (7), A Ia dién tich thiét dién ngang clia dam, E(x,z), G¥(x,z) twong tng 1a md dun dan

hdi va md dun trwot tAng thir k ciia dam sandwich.

Tw trwérng chuyén vi (3), biéu thirc ddng ndng cho dam sandwich c6 thé dwoc xay dwng duéi day:

T
2y —2al4,U,7,

N2 2y -2 .
_Wo,x) +algyy +21,Uy (7,

—2al,,7, (7, _Wo,x)

|11(l]§ +W§)+ 1, (7%

W
0) dx )

Trong biéu thirc (8), |11, |12, 122, l34, laa, les 12 cAc md-men khéi lwgng duwoc dinh nghia nhw sau:

(hgs Do Dops Doy Lags 1eg) (X, 2) :ka(x’ Z)(l,z,22,23,z4,26)dA 9)
A

trong do: o*(x,z) - mat do khéi lop thir k cia
dam sandwich c6 16i 1a vat liéu 2D- FGM.
Thé nang cua lwc di dong (V) dwoc viét nhw sau:

V =—-Fw(x)o(x—Vt,) (10)

trong do6: &(.) - ham Dirac delta va x - toa db
dwoc do tir dau trai dén dau phai ctia dam. St dung
phwong phap phan tl hiru han, ta chia ddm thanh
nhiéu phan t&r, mai phan tt chiéu dailva méi phan tc
c6 2 nat, mdi nut cé 4 bac tw do. Tir d6 cac chuyén
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vi va géc trwot ngang dwoc ndi suy tir cac chuyén vi
nut nhw sau:

Uo = Nu.d, wp = Nw.d, yo = Ny.d (12)

trong do: Nu, Nw va Ny twong wng la ki hiéu cac
ma tran ham dang cho ug,Wp va Yo. o] day ham dang
tuyén tinh dwoc st dung cho chuyén vi doc truc
Uo(X, t) va goc trugt ngang yo, ham dang Hermit cho
chuyén vi ngang. Ngoai ra, d |a vec to chuyén vi nat
cho mét phan tr dam va dwoc khéi tao tir nat phan
tlr ddm dwa trén trwérng chuyén vi (3). St dung céac
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ham néi suy, biéu thirc ctia ndng lwgng bién dang
dan hdi dwoc viét dwdi dang:

Trén biéu thirc (12), k 1& ma tran d6 cing phan
t&r duoc biéu dién dwéi dang:

U= ldid K = Ki1 + K12 + Koo + Kag + Kag + Kes + Ks (13)
2 (12)
va;
| |
kll = J. NJ,XAilNu,de1 I(12 = 2_'. NJ,XAIZ(N;/,X - Nw,xx)dX;
0 0
| |
k22 = J‘(Ny,x - Nw,xx)T AZZ(Ny,x - Nw,xx)dX; k34 = _Zaj NJ,XA34Ny,de;
0 0
| |
k44 = —ZOZI N;/r,xA44(Ny,x - Nw,xx)dX; k66 = aZJ. N;,XAGBN}/:XdX; (14)
0 0
|
k, =[N BN, dx
0
T
. y NN z . 1(aod od
Twong tw, ddng nang cda dam dwoc viét dwoi dang: T = E E m E (15)
trong d6: m - ma tran khéi lwong phan t&r nhat quan biéu dién nhw sau:
m =My + Mip + My + Mgg + Myg + Mes (16)
va
| |
my, = [(NJ+ NG )l (N + N Jdx my, =2[ N, 1, (N, =N, Jdx;
0 0
| |
m,, =[(N,-N,, (Ny =N, Jdx; My, =—20 [ NJ I3,N, dx; 7)
0 0

—2ajN”

Cac ma tran do cirng va ma tran khdi lwong
phan t& dwoc ghép ndi lai dé tao thanh ma tran do
cvng va ma tran khdi lvong téng thé cho dam.
Phwong trinh vi phan chuyén déng cho dam
sandwich theo ngén ngi phén tr htru han dwoc
thiét lap:

MD + KD = F* (18)
trong d6: D,M va K twong (rng la véc-to chuyén
vi nat, ma tran khdi lwong va ma tran d6 cirng tong
thé cta két cAdu dam, trong (18) ma tran can dwoc
bd qua. S dung phwong phap tich phan truc tiép
Newmark gidi ra dwoc cac dap ing dong cho dam.
F* trong (18) la vecto lwc nat ctia dam.

3. Két qua sb

Cho ddm sandwich 16i FGM gém hai pha, gém
(alumina-Al,O;, E.= 380 Gpa, p. = 3960 kg/m®
,v=0.3) va kim loai (nhém-Al, E,= 70 Gpa, pn= 2702
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|
(N, =N, )dx; mg =a’[N] 15N, dx;
0

kg/m®v=0.3). Tham sb tan sb trong bai bao dwoc
chuén héa theo cong thirc:

_ ol’ [p,
h E

m

(19)

Trong c6ng thirc (19), u - tham sb tn sb co ban
clia dam, w; - tAn sb dao ddéng co ban cta dam.
Tham sé déng hoc cho ddm dwoc chuan héa theo
cbng thre (20) nhu:

D, :maX(WO(LIZ,t))

WSI

(20)

Trong (20), Wst = F L348Eml 1a d véng tinh
ctia dam thép chiu tac dung luc F tai gita ddm. Tan
s6 va tham sb déng lwc hoc trong bang 1 va 2 dwoc
tinh toan khi cho m=0 va st dung cac théng sb hinh
hoc va vat liéu theo tai liéu so sanh. Tlr bang 1 va 2,
cac két qua ma bai bao thu dwoc hoan toan dang tin
cay. Céac két qua tinh toan cho ddm sandwich duai
day khi cho i s6 L/h=20.
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Bang 1. So sanh tham sé tén sé cta ddm sandwich 16i FGM (hc/h = 0.5, m=0)

L/h n=0 n=0.5 n=1 n=2 n=5 n=10
Tai liéu [2] 5 4.0691 3.7976 3.6636 3.5530 3.4914 3.4830
Bai bdo 4.0685 3.7878 3.6484 3.5356 3.4799 3.4795
Tai liéu [2] 20 4.2445 3.9695 3.8387 3.7402 3.7081 3.7214
Bai bao 4.2446 3.9696 3.8379 3.7392 3.7077 3.7215
Bang 2. Tham sé déng hoc ctia ddm twong tng véi tée d6 e di dong (hc=h, m=0)
n Dd [8] Dd [bai bao] v(mis) [8] v(m/s) [bai bao]
0.2 1.0344 1.0395 222 221
0.5 1.1444 1.1497 198 197
1 1.2503 1.2561 179 177
1.3376 1.3441 164 162
Gom 0.9328 0.9373 252 251
Kim loai 1.7324 1.7408 132 130

Hinh 2 minh hoa tham sb tan sé cha dam
sandwich co6 16i lam ttr vat liéu 2D-FGM vé&i cac
gia tri khac nhau cia n va m. Trén hinh vé, tac
gid cb dinh ti sé L/h=20, ti s h/h thay dbi
(ho/h=14, 1/2, 2/3, 3/4). Tt hinh 2, ta thay ré anh
huéng cta tham sb vat liéu, ti s ho/h dén tham
sb tan sb co ban cta dam. V&i mét gia tri n cho
trwdc thi tham sb tan sd cé xu hwéng gidm dan
khi tdng dan n. Béng thoi sw gidm nay ré hon khi
gia tri m cao. Anh huwéng cla tham sb vat liéu
theo chiéu dai ddm m cing gibng nhw anh
hwéng cta tham sb vat liéu theo chiéu day dam.
Ngoai ra, hinh 2 ciing chi ra anh hwéng cda ti s6
ho/h dén tham sbé tan s6 cta dam. Khi ti sé h./h

heth=1/4

m 15 15 n

ma tang dan thi tham sé tan sbé ciing tang dan
Ién.

Hinh 3 chi ra mbi quan hé gitra tham sb doéng
hoc va téc do cla lwc di ddng, hinh bén trai cb dinh
tham sé vat liéu theo chiéu day (n=0.5), thay dbi gia
tri tham sé vat liéu theo chiéu dai (m=0, 0.5,1, 1.5),
hinh bén phai c6 dinh tham sb vat liéu theo chiéu
dai va thay ddi gia tri tham sé vat liéu theo chiéu day
(n=0, 0.5,1, 1.5). Hinh vé da minh hoa, khi tang
tham s6 vat liéu n, m I&n thi tham sé dong hoc ciing
tang nhe bat ké tham sb vat liéu nao thay déi hay cb
dinh. Ngoai ra, hinh 3 chi ra sy tdng gidm cuta tham
s6 dong hoc khi tham sb van téc clha lwc di dong
thay dbi.

he/h=112

he/h=3/4

m 15 15 n

Hinh 2. Méi quan hé giita tham sé tan sé va céc tham sé vét liéu n vam
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Hinh 3. Méi quan hé gitta tham sé déng hoc va tc d6 cta lwc di ddng (hc/h=1/2)

Hinh 4 minh hoa méi quan hé gitra tham sb déng
hoc va tham sb vat liéu n,m khi cho mét sb gia tri
cta ti s6 he/h(h/h=14, 1/2, 2/3, 3/4). Hinh vé& chi ra
anh hwéng rat rd nét cia tham sb vat liéu theo
chiéu day va chiéu dai ddm lén tham s déng hoc
clia dam. Khi tham sb vat liéu n,m tang dan Ién thi
tham sb ddng hoc tdng manh khi ti s6 h/h=14, %,
tang nhe khi ti s6 ho/h= 2/3, %. Diéu nay rat dé hiéu,
vi ti s6 hc/h tdng ddng nghia 16i ddm 2D-FGM téng
lén 1am dam cirng hon. Hinh 4 chi ra réng, khi ti s6
hc/h cé xu hwéng tang dan thi tham sé déng hoc lai
c6 xu hwéng giam dan.

4. Két luan

Bai bao da phan tich dap rng dong ctia dam

sandwich I6i 2D-FGM twa gian don chiu lwc di dong

hc=1/4h
0.8 -

bang phwong phap phan t& httu han. Dua trén ham
dang tuyén tinh cho chuyén vi doc truc va géc truot
ngang, ham dang Hermit cho chuyén vi ngang, tac
gia thiét 1ap dwoc ma tran do cirng va ma tran khoi
lwong cho dam sandwich. Duwéi sy hd tro cla
Maple va Matlap, tham sé tan sé co ban cta dam
duoc tinh cho mét vai gia tri khac nhau cia tham sb
vat liéu,n,m. Két qua bai bao da chi ra rang, tham sb
tan sd, tham sb dong hoc ctia dam sandwich c6 16
lam t&r vat liéu 2D-FGM chiu &nh huéng nhiéu bdi
tham s vat liéu va téc dd clha luc di dong. Cac
tham s6 tan s6 gidm dan khi tham sb vat liéu n m,
tang 1én. Tuy nhién, khi ti s& hc/h cla dam tang 1én
thi tham s déng hoc ctia dam lai gidm di.

he=1/2h
0.8

hc=2/3 h

Hinh 4. Méi quan hé gitta tham sé déng hoc va tham sé vét liéu (v=100m/s)
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